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Orbital Wave and its Observation in Orbital Ordered Titanates and Vanadates
Sumio Ishihara
Department of Physics, Tohoku University, Sendai 980-8578, Japan
(November 4, 2018)
We present a theory of the collective orbital excitation termed orbital wave in perovskite titanates
and vanadates with the triply degenerate t2g orbitals. The dispersion relations of the orbital waves
for the orbital ordered LaVO3, YVO3 and YTiO3 are examined in the effective spin-orbital cou-
pled Hamiltonians associated with the Jahn-Teller type couplings. We propose possible scattering
processes for the Raman and inelastic neutron scatterings from the orbital wave and calculate the
scattering spectra for titanates and vanadates. It is found that both the excitation spectra and
the observation methods of the orbital wave are distinct qualitatively from those for the eg orbital
ordered systems.
PACS numbers: 75.10.-b, 75.30.Et, 78.70.-g, 78.70.Nx
I. INTRODCUTION
When degenerate electron orbitals are partially filled
in correlated electron systems, this is recognized to be
an internal degree of freedom belonging to an electron
as well as spin and charge. This orbital degree of free-
dom has recently attracted much attention especially in
transition-metal (TM) oxides.1,2 In particular, the or-
bital ordering (OO) and fluctuation play a key role in
anisotropic electric, magnetic and optical properties in
correlated oxides.
The collective orbital excitation in the orbital ordered
state is known to be orbital wave (OW), in analogous
to the spin wave in magnetically ordered state, and
its quantized object is termed orbiton. The theoreti-
cal study of OW has started in the idealized spin-orbital
coupled model where the continuous symmetry exists in
the orbital space,3 and progressed in the anisotropic or-
bital model.4 A realistic calculation has been done in
LaMnO3 with the doubly degenerate eg orbitals.
5 Re-
cently new peak structures observed in the Raman spec-
tra in LaMnO3 are interpreted as scatterings from OW.
6
Although there are some debates about origin of the
newly found peaks, OW or multiphonons,7,8 the en-
ergy and polarization dependences of the observed Ra-
man spectra show a good agreement with the calculation
based on the OW interpretation.
The perovskite titanates RTiO3 and vanadates RVO3
(R: rare-earth ion) with the triply degenerate t2g or-
bitals are another class of materials where OW is ex-
pected. One of the well known orbital ordered mate-
rials is YTiO3 where the nominal valence of the tita-
nium ion is 3+ and one electron occupies the triply de-
generate t2g orbitals. The orbital ordered state associ-
ated with the Jahn-Teller (JT) type lattice distortion has
been confirmed by the resonant x-ray scatterings, NMR
and the polarized neutron scattering experiments and so
on.9–12 These results almost coincide with each other:
there are four different orbitals in a unit cell where the
wave functions are given as 1√
2
(dxy+dyz),
1√
2
(dxy−dyz),
1√
2
(dxy + dzx) and
1√
2
(dxy − dzx).13 This type of OO,
termed the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type from
now on, is also supported by previous calculations.14–16
Although an exotic orbital state is proposed recently by
taking into account the quantum fluctuation,17,18 the
predicted orbital state being incompatible with the crys-
tal lattice symmetry is different from the above type of
OO.
A series of RVO3 is systematically examined in the
recent studies.14,15,19–30 Two electron occupy the triply
degenerate orbitals in a V3+ ions. A sequential phase
transition is found in YVO3;
19–21 the G-type OO (O-G)
occurs at TOO1=200K and the C-type antiferromagnetic
(AFM) ordering (S-C) appears at TN1=115K. With fur-
ther decreasing temperature, another orbital and mag-
netic transitions appear at TN2 = TOO2=77K where the
C-type OO associated with the G-type AFM order (the
(S-G/O-C) order) is realized. On the other hand, in
LaVO3, the C-type AFM ordering occurs at TN (=143K)
and, at slightly below this temperature, the G-type OO
(the (S-C/O-G) order) appears.20–22 Types of OO in
vanadates are determined that the dxy orbital is occupied
at all the vanadium sites and the dyz and dzx orbitals are
alternately ordered in the xy plane (the C-type OO), and
in all direction (the G-type OO).24,25 These kinds of OO
are termed the pure OO states, and the OO such as re-
alized in YTiO3 is termed the mixed OO from now on.
It is suggested that the experimentally observed type of
OO in vanadates associated with the JT type distortion
explains the several optical and magnetic properties.28,29
Here, we present a theory of OW in titanates and vana-
dates where the orbital ordered states are confirmed ex-
perimentally well. The dispersion relations of OW are
examined in the (S-C/O-G)- and (S-G/O-C)-phases for
LaVO3, YVO3 (the low temperature phase), respectively,
and the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type OO for
YTiO3. The calculations are based on the effective spin-
orbital coupled Hamiltonians associated with the JT type
electron-lattice coupling. We propose possible scattering
processes for the Raman and inelastic neutron scatterings
from OW and calculate the spectra. It is found that the
excitation spectra and the observation methods of OW
are distinct qualitatively from those for the eg orbital
1
ordered systems such as manganites.
In Sec. II, the model Hamiltonian for titanates and
vanadates with the triply degenerate t2g orbitals are in-
troduced. In Sec. III, the dispersion relations of OW for
LaVO3, YVO3 and YTiO3 are examined. The scattering
spectra for the Raman and inelastic neutron scatterings
from OW are shown in Sec. IV. Section V is devoted to
summary and discussion.
II. MODEL HAMILTONIAN
The collective orbital excitations in the orbital ordered
state are studied in the spin-orbital model derived from
the generalized Hubbard Hamiltonian with the triply de-
generate t2g orbitals:
H = εd
∑
i,σ,γ
d†iγσdiγσ +Hel−el
+
∑
〈ij〉,γ,γ′,σ
(
tγγ
′
ij d
†
iγσdjγ′σ +H.c.
)
, (1)
with the electron-electron interaction term
Hel−el = U
∑
i,γ
niγ↑niγ↓ + U ′
∑
i,γ>γ′
niγniγ′
+ I
∑
i,γ>γ′,σ,σ′
d†iγσd
†
iγ′σ′diγσ′diγ′σ
+ J
∑
i,γ 6=γ′
d†iγ↑d
†
iγ↓diγ′↓diγ′↑. (2)
diγσ is the annihilation operator for the t2g electron at
site i with spin σ = (↑, ↓) and orbital γ = (yz, zx, xy).
The number operators are defined by niγσ = d
†
iγσdiγσ
and niγ =
∑
σ niγσ. U and U
′ are the intra- and inter-
orbital Coulomb interactions, respectively, I is the ex-
change interaction, and J is the pair-hopping interaction.
tγγ
′
ij in Eq. (1) is the electron transfer integral between
site i with orbital γ and nearest neighboring (NN) site j
with γ′. In the ideal perovskite structure, the hopping
integral is simplified as tγγ
′
ij = t0δγγ′(δγ=(lh) + δγ=(kl))
where l indicates a direction of a bond connecting sites
i and j, and (h, k, l) = (x, y, z), (y, z, x), (z, x, y). The
electron hopping occurs through the O 2p orbitals in be-
tween the NN TM sites.
We derive the effective Hamiltonian for titanates where
the nominal electron configuration of the TM ion is d1.
This Hamiltonian is defined in the Hilbert space where
the electron number per site is restricted to be one or
less due to the strong on-site Coulomb interactions. The
Hamiltonian is classified by the intermediate states of the
perturbational processes as derived in Ref. 13;
HTi = HT1 +HT2 +HE +HA1 , (3)
with
HT1 = −JT1
∑
〈ij〉
(
3
4
+ ~Si · ~Sj
)(
Al− +B
l − Cl+
)
, (4)
HT2 = −JT2
∑
〈ij〉
(
1
4
− ~Si · ~Sj
)(
Al− +B
l + Cl+
)
, (5)
HE = −JE
∑
〈ij〉
(
1
4
− ~Si · ~Sj
)
2
3
(
2Al+ − Cl−
)
, (6)
HA1 = −JA1
∑
〈ij〉
(
1
4
− ~Si · ~Sj
)
2
3
(
Al+ + C
l
−
)
. (7)
The superexchange interactions are given by JΓ =
t20/E
(2)
Γ (Γ = T1, T2, E,A1) where E
(2)
Γ ’s are the energies
of the intermediate states: E
(2)
T1
= U ′ − I, E(2)E = U − I,
E
(2)
T2
= U ′ + I and E(2)A1 = U + 2I where the relations
U = U ′ + 2I and I = J are used. JT1 is the largest
among them. The spin degree of freedom is described
by the operator ~Si =
1
2
∑
γss′ d
†
iγs~σss′diγs′ with the Pauli
matrices ~σ. The orbital degree of freedom is represented
by the eight orbital operators OiΓγ classified by the irre-
ducible representations of the Oh group as (Γγ) = (Eu),
(Ev), (T2x), (T2y), (T2z), (T1x), (T1y), (T1z). These
operators are defined by the generators of the SU(3) Lie
algebra, i.e. the 3×3 Gell-Mann matrices λm (l = m ∼ 8)
as31
OiΓγ =
−1√
2
∑
σ,α,β
d†iασλmαβdiβσ, (8)
where (Γγ,m) = (Eu, 8), (Ev, 3) (T2x, 6), (T2y, 4),
(T2z, 1), (T1x, 7), (T1y, 5), (T1z, 2). The operators OiEγ
and OiT2γ represent the diagonal and off-diagonal com-
ponents of the electric quadrupole moments, respectively,
and OiT1γ does the magnetic dipole ones, i.e. the orbital
angular momentum. By utilizing the above orbital oper-
ators, the orbital parts of the Hamiltonian in Eqs. (4)-(7)
are given as
Al± =W
l
iW
l
j ±OliEvOljEv, (9)
Bl = V liW
l
j +W
l
iV
l
j , (10)
Cl± = 2 (OiT2lOjT2l ±OiT1lOjT1l) , (11)
with
W li =
2
3
−
√
2
3
OliEu, (12)
V li =
1
3
+
√
2
3
OliEu. (13)
2
OliEu and O
l
iEv are defined by(
OliEu
OliEv
)
=
(
cos 2π3 ml sin
2π
3 ml− sin 2π3 ml cos 2π3 ml
)(
OiEu
OiEv
)
, (14)
withml = (1, 2, 3) for a direction of the bond l = (x, y, z).
In analogy with the spin Hamiltonian, Al± and B
l cor-
respond to the SizSjz term, and C
l
+ and C
l
− to the
Si+Sj− + Si−Sj+ and Si+Sj+ + Si−Sj− terms respec-
tively. The latter term originates form the pair hopping
processes which break the conservation of the total elec-
tron number at each orbital, e.g.
∑
i〈nixy〉.
The effective Hamiltonian for vanadates, where the
nominal electron configuration is d2, is derived in a sim-
ilar way from Eq. (1). The d2 state is assumed to be the
lowest 3T1 state due to the Hund rule. The explicit form
is given by
HV = HA1 +HE +HT1 +HT2 , (15)
with
HA1 = −JA1
∑
〈ij〉
1
6
(
2 + ~Si · ~Sj
)
× (−Al+ +Al− +Bl − 2Cl+) , (16)
HE = −JE
∑
〈ij〉
1
6
(
1− ~Si · ~Sj
)
× (−Al+ +Al− +Bl + Cl+) , (17)
HT1 = −JT1
∑
〈ij〉
1
4
(
1− ~Si · ~Sj
) (
Al+ − Cl−
)
, (18)
HT2 = −JT2
∑
〈ij〉
1
4
(
1− ~Si · ~Sj
) (
Al + Cl−
)
. (19)
We introduce the spin operator ~Si with a magnitude
S = 1, and the exchange parameters defined by JΓ =
t20/∆EΓ where ∆EΓ = E
(3)
Γ −E(2)T1 with ∆EA1 = U ′ − I,
∆EE = ∆ET1 = U
′+2I and ∆ET2 = U
′+4I. It is noted
that a similarity between HTi and HV is attributed to
the fact that, with respect to the orbital degree of free-
dom, the high spin 3T1 state for the d
2 configuration
in the hole picture is equivalent to the d1 state in the
electron picture. Similar types of the spin-orbital cou-
pled Hamiltonian in the triply degenerate t2g orbitals
are also derived by several authors for the d1 and d2
systems16,18,27,30,32,33
In addition to the electronic Hamiltonian, the electron-
lattice interactions are introduced. In the t2g orbital sys-
tems, there are two kinds of the JT type interactions;
HJT = gE
∑
i,γ=(u,v)
QiEγOiEγ
+ gT2
∑
i,γ=(x,y,z)
QiT2γOiT2γ , (20)
where gE and gT2 are the coupling constants and QiEγ
and QiT2γ are the normal modes in an O6 octahedron
with symmetries Eg and T2g, respectively. QEγ directly
modifies the TM-O bond lengths and QT2γ modifies the
O-TM-O bond angles.
Energy parameter values have been numerically eval-
uated by several authors. The effective exchange param-
eters JS in the Heisenberg model are obtain from the
spin-wave dispersion relations as JSz =5.5meV (z axis)
and JSxy=5.8meV (xy plane) in the (S-G/O-C) phase
in YVO3, J
S
z = 2.2 − 4meV, JSxy =2.6meV in the (S-
C/O-G) phase in YVO3 (Ref. 26), and J
S
z = J
S
xy=3meV
in YTiO3 (Ref. 17). The effective exchange parameters
for the orbital operators in LaVO3 are also estimated
as JOz ≡ 4t20/(U ′ − I)=33meV and JOxy=2meV (Ref. 28).
The JT stabilization energy is obtained from the LDA+U
method28 as EJT=27meV which is comparable or larger
than the exchange interactions. The relativistic spin-
orbit interaction which is not taken into account in the
present model is about 0.4meV being much smaller than
both the exchange and JT energies.15 This is consistent
with the experimental results in the magnetic x-ray scat-
tering in YTiO3; the angular momentum separately esti-
mated from the spin momentum is found to be negligible
small.34 Thus, the Hamiltonian HTi(V)+HJT introduced
above is the minimal model for examination of OW.
Here we mention the implications of the theoretical
model for the observed spin/orbital orders. As we have
shown in Ref. 13, in the mean field theory, the large
orbital degeneracy remains in the ferromagnetic (FM)
ground state in HTi. A small perturbation, such as
the Jahn-Teller type distortion, the relativistic spin-orbit
coupling, the GdFeO3-type lattice distortion, lifts the de-
generacy. We suppose that the Jahn-Teller type distor-
tion with the T2g symmetry, gT2QiT2 in Eq. (20), plays
a key role to stabilize the observed mixed orbital order.
The (S-C/O-G) order for LaVO3 is reproduced by HV.
The FM (AFM) order along the c axis (in the ab plane)
is attributed to the alternate (uniform) alignment of the
dyz and dzx orbitals (the dxy orbital) along the c axis
(in the ab plane). The (S-G/O-C) order for the YVO3
is obtained by HV and the Jahn-Teller type interaction
with the Eg symmetry. The AFM spin order and the uni-
form alignment of the dyz(dzx) orbital along the c axis is
stabilized cooperatively, as discussed in the next section.
III. ORBITAL WAVE
The dispersion relations of OW in the orbital or-
dered states are obtained by utilizing the Holstein-
Primakoff transformation for the generators in the SU(3)
algebra.35,36 For example, at a site where the dxy orbital
is occupied, there are two excitation modes; an excitation
between the dxy and dyz orbitals denoted by a boson op-
erator y (y†), and that between dxy and dzx denoted by
x (x†). The orbital operators OiΓγ are transformed into
3
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FIG. 1. Dispersion relations of OW in the (S-C/O-G) and
(S-G/O-C)-phases for LaVO3 and YVO3 (the low temper-
ature phase), respectively. The absolute values of the spin
correlation function between NN sites |〈~Si · ~Si+δ〉| are 1 (bold
lines), 0.5 (broken lines) and 0 (dotted lines). The parame-
ter values are chosen to be I/U ′=0.125. gEQE/J0=0.8 and
gT2QT2=0. The dispersion curves in the (S-G/O-C) phase
and the curve in the (S-C/O-G) phase with |〈~Si · ~Si+δ〉| = 1
are doubly degenerate.
these boson operators as
OiEu =
√
2
3
−
√
3
2
(nix + niy) ,
OiEv =
1√
2
(niy − nix) ,
OiTαz =
(−i
1
)
α
(
y†ixi ± x†iyi
)
,
OiTαy =
(
i
1
)
α
(√
1−Niyi ± y†i
√
1−Ni
)
,
OiTαx =
(−i
1
)
α
(
x†i
√
1−Ni ±
√
1−Nixi
)
, (21)
with α = (1, 2) . The plus and minus signs in OiTαx,
OiTαy and OiTαz are for the α = 1 and α = 2 cases, re-
spectively. We define Ni = nix + niy with nix = x
†
ixi
and niy = y
†
i yi. In the linear spin wave approxima-
tion,
√
1−Ni is replaced by 1. We have cheked that
the Green’s function method for the operators OiΓγ , i.e.
GΓγΓ′γ′(t− t′, ~ri−~ri′) = −iθ(t− t′)〈[OiΓγ(t), Oi′Γ′γ′(t′)]〉,
with the decoupling approximation, reproduces the cal-
culated results for OW with the boson method intro-
duced above.
In Fig. 1, we present the dispersion relations of OW
in the (S-C/O-G) and (S-G/O-C) phases for LaVO3 and
YVO3 (the low temperature phase), respectively. The
parameter values are chosen to be I/U ′ ≡ R=0.125,
gEQE/J0=0.8 and gT2QT2=0. The energy parameters
are normalized by J0 = 4t
2
0/(U
′−I) which is estimated to
be about 33meV for LaVO3 (Ref. 28) and is supposed to
be smaller in YTiO3 due to the larger GdFeO3-type lat-
tice distortion. The ratios of the exchange parameters are
represented by the parameter R as JT2/JT1 = JE/JT1 =
(1−R)/(1+ 2R) and JA1/JT1 = (1−R)/(1+ 4R). Both
the (S-C/O-G)- and (S-G/O-C)-phases, there are four
modes of OW attributed to the two different orbital oc-
cupied sites in a unit cell; there are the excitations yA
(dxy → dyz) and zA (dzx → dyz) at site A where the
dxy and dzx orbitals are occupied, and the excitations
xB (dxy → dzx) and zB (dyz → dzx) at site B where the
dxy and dyz orbitals are occupied. Two of the four, i.e.
yA and xB , are the local modes within the linear spin
wave theory and do not show dispersions. This charac-
ter does not depend on the spin arrangements. These
local modes originate from the facts that (1) the excited
dxy hole does not hop along the z axis due to the orbital
symmetry, and (2) a coherent motion of the excited dxy
hole in the xy plane are impossible, since this motion is
associated with increasing the number of the wrong or-
bital arrangements. The latter implies that the orbital
exchange processes do not recover the wrong orbital ar-
rangements, and the triply degenerate orbital model is
qualitatively different from the Heisenberg model with
S = 1. The remaining modes, zA and zB, are disper-
sive along the z direction. The dispersion relation of
OW in the (S-C/O-G) phase is explicitly obtained as
E(~k) = 86JA1
√
(Kx2 +K
z
2 )
2 − (32Kz1 cos akz)2 where we
assume I = 0 and gEQE = gT2QT2 = 0. We introduce
K
x(z)
2 = 2+〈~Si · ~Si+δx(δz)〉 andKx(z)1 = 1−〈~Si · ~Si+δx(δz)〉.
This energy has its minimum at kz = 0 and the energy
gap is attributed to the anisotropy in the orbital space,
i.e. a lack of the SU(3) symmetry, in the orbital part
of the Hamiltonian. In comparison with the OW in the
(S-C/O-G) phase, the OW in the (S-G/O-C) phase is
barely stable; with decreasing the spin correlation which
corresponds to increasing temperature toward TN , a re-
markable softening around ~k = (0, 0, π) occurs. In the
case where I = 0 and gT2QT2 = 0, the dispersion relation
is given as E(~k) = 23JA1(2K
z
2 −Kz1 ) cos akz +
√
3
2gEQE
which has its minimum value at kz = π, and the energy
gap is attributed to the JT type interaction. This re-
sult suggests an instability of the (S-G/O-C) phase to
the (S-C/O-G) one with increasing temperature. This is
consistent with the experimental fact that in RVO3 the
O-C phase appears associated with the S-G order, and is
changed into the (S-C/O-G) phase at 77K in YVO3.
21
In Fig. 2, we present the dispersion relations of OW
in the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type OO for
YTiO3. The FM and paramagnetic spin orders are as-
sumed, and the exchange parameter is taken to be R ≡
I/U ′ = 0.125. The JT type interaction parameters are
chosen to be gEQE/J0 = gT2QT2/J0 = 1.2, where gEQE
is larger than that in vanadates and gT2QT2 is introduced.
This is based on a consideration that, in comparison with
vanadates, J0 is supposed to be smaller due to the large
GeFeO3-type lattice distortion, and QT2 is found to be
4
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FIG. 2. Dispersion relations of OW
in the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type OO for YTiO3.
The bold and broken lines are for the FM and paramagnetic
states, respectively. The parameter values are chosen to be
I/U ′=0.125, gEQE/J0=gT2QT2/J0=1.2. The Brillouin zone
for the tetragonal symmetry is adopted.
larger in the crystal structure of YTiO3.
12,22,23 In con-
trast to the case of vanadates, all the eights modes, at-
tributed to the four different orbitals in a unit cell, are
dispersive along all the directions in the Brillouin zone.
This originates from the OO states with the mixed or-
bitals where the excitations propagate along the three
directions. The OW dispersions are classified into the
two groups: for example, in the 1√
2
(dxy + dyz) orbital
occupied site, the higher energy bands with smaller band
widths are mainly attributed to the excitations to the dzx
orbital, and the lower energy ones with a larger width are
attributed to the excitations to the 1√
2
(dxy−dyz) orbital.
IV. OBSERVATION OF ORBITAL WAVE
A. raman scattering
As introduced in Sec. I, in orbital ordered LaMnO3,
the new peak structures in the Raman spectra were ex-
plained successfully as the scattering from OW.6 Here
we consider the Raman scattering as a possible probe
to detect the OW in titanates and vanadates with the
triply degenerate t2g orbitals. It is considered the inter-
site scattering processes where OW’s are excited through
the electronic exchange processes between the NN TM
sites.37,38 This is attributed to the fact that the low-
est electronic excitations in titanates and vanadates oc-
cur across the Mott-Hubbard gap, unlike the mangan-
ites where the electronic excitations across the charge-
transfer gap dominate the excitation of OW. Depending
on the types of OO, there are the following two scatter-
ing processes: (i) The two-orbiton scattering: Consider a
pair of the NN TM sites where the occupied orbitals are
different and the pure orbitals (Fig. 3), such as the OO
in vanadates. Through the second order processes of the
yz
(a)
(b)
(c)
zx
xy
( )zxxy −
( )zxxy +
yz
zx
xy
yz
2
1
2
1
FIG. 3. Scattering processes in the Raman scattering. (a)
and (b) The two-orbiton scattering processes in the pure OO
states. (c) The one-orbiton scattering processes in the mixed
OO state.
interaction between photons and electrons, electrons at
the two sites are exchanged and, at the final state, the oc-
cupied orbitals are changed at both the sites. This is the
analogous to the two magnon Raman scattering in the
antiferromagnets. Another two-orbiton process occurs in
a pair of the NN TM site where the same kind of orbitals
are occupied. In the intermediate state of the scattering
process, where two electrons occupy the same orbital at
a site, the occupied orbital is changed due to the pair-
hopping interaction. At the final state, the two orbitons
are created. (ii) The one-orbiton scattering: When the
electrons occupy the so-called mixed orbital such as that
in YTiO3, the electron hops from one orbital (γ) to the
different orbital (γ′) in its NN TM site. When this elec-
tron comes back to the orbital γ′ in the initial site, one
orbiton is excited.
There are alternate two scattering processes from OW
where one orbton is created at a TM site. (i) An electron
is excited from a orbital γ to γ′ at the same site associ-
ated with a creation of odd-parity phonons. Then, these
phonons are annihilated by emitting a photon. Such
kinds of the Frank-Condon processes have been consid-
ered for the orbiton+phonon excitation in the optical
conductivity spectra, and for the multiphonon excitation
in the Raman spectra.39 The total scattering-cross sec-
tion ratio of this process to the inter-site process is of the
order of 10−3 ∼ 10−2. (ii) The incident photon excites
an electron from the 3d γ orbital to one of the 4p or-
bitals at the same site. Then, this electron is relaxed to
the 3d γ′ orbital by emitting a photon. This scattering-
cross section ratio to the inter-site process is estimated
for titanates and vanadates to be of the order of 10−1.
Here, we calculate the Raman spectra for the inter-
site scattering process. It is supposed that this process
provides the main contribution for the OW scattering,
in particular, in the two-orbiton energy regions. The en-
ergy, momentum and polarization of initial (scattered)
photon are ωi(ωf ), ~ki(~kf ) and λi(λf ), respectively. The
differential scattering cross section from OW is given as
5
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FIG. 4. Raman spectra Sλiλf (ω) for the (S-C/O-G)- and
(S-G/O-C) phase for LaVO3 and YVO3 (the low temperature
phase), respectively. The two-orbiton scattering is considered.
The absolute values of the spin correlation function between
NN sites |〈~Si · ~Si+δ〉| are 1 (bold lines), 0.5 (broken lines) and
0 (dotted lines). Both the incident and scattered photon po-
larizations are parallel to the z axis. Other parameter values
are the same as those in Fig. 1.
d2σ
dΩdEf
= σT
ωf
ωi
(
ma2
h¯2
)2
1
2πh¯
∫
dteih¯(ωf−ωi)t
×
∑
ll′
Pll′S
ll′(t), (22)
with σT = (e
2/mc2)2 and a bond length a. Pll′ is the
polarization factor given by
Pll′ = (~ekiλi)l (~ekiλi)l′
(
~ekfλf
)
l
(
~ekfλf
)
l′
, (23)
and Sll
′
(t) is the dynamical correlation function defined
by
Sll
′
(t) = 〈Kl(t)Kl′ (0)〉, (24)
with
Kl =
∑
Γ
∑
i
∑
δl
HΓ(i, i+ δl). (25)
HΓ(i, i+δl) is a term of the effective Hamitonian given in
Eqs. (3) and (15) concerning with a bond connecting site
i and site i+ δl. Here, l(= x, y, z) indicates a direction of
the bond and δl = ±lˆ. The index Γ(= T1, T2, A1, E) clas-
sifies the intermediate states. The exchange interaction
JΓ = t
2
0/∆EΓ in HΓ is replaced by t20/(∆EΓ− (ωi−ωf ))
in HΓ(i, i+ δl). This expression is obtained from the sec-
ond order processes of the interactions between photons
and electronic currents between the NN TM sites.
We introduce the orbiton operators ψ˜(~k) with the ener-
gies E(~k) which are obtained by diagonalizing the Hamil-
tonian represented by the Holstein-Primakoff boson op-
erators ψ(~k). This Bogoliubov transformation is given
by the matrix V (~k) as
ψ˜α(~k) =
∑
β
ψβ(~k)Vβα(~k). (26)
ψ˜(~k) has 2N components in the system where the number
of the OW mode is N , and ψ˜α(~k) (α > N) is the creation
operator with the condition ψ˜α(~k) = ψ˜α−N (−~k)†. For
example,
ψ˜(~k) =
{
a1(~k), · · · aN(~k), a†1(−~k), · · ·a†N (−~k)
}
. (27)
By using the oprators, we obtain
Kl =
∑
~k,α,β
ψ˜α(~k)
†hlαβ(~k)ψ˜β(~k)
+
1
2
∑
α
(
glαψ˜α(0) + g
l∗
α ψ˜
†
α(0)
)
, (28)
where hlαβ(
~k) and glα are the coefficients. In the pure
OO states, the second term vanishes, i.e. the one-orbiton
scattering is prohibited. Then the Fourier transform of
the dynamical correlation function in the two-orbiton Ra-
man scattering is given by
Sll
′
(ω) = N
∑
~k
2N∑
α=N+1
N∑
β=1
δ
{
ω − Eα(~k)− Eβ(~k)
}
×
{
hlαβ(
~k)hl
′
βα(
~k) + hlαβ(
~k)hl
′
α−Nβ+N(~k)
}
. (29)
We neglect the orbiton-orbiton interaction for simplic-
ity, and Sll
′
(ω) is represented by the convolution of the
two OW modes. On the other hand, in the one-orbiton
scattering, the dynamical correlation function reflects the
OW at the momentum ~k = 0 as
Sll
′
(ω) = 4N
N∑
α=1
glαg
l′
αδ {ω − Eα(0)} . (30)
In Fig. 4, the Raman spectra by OW in the (S-C/O-
G) phase for LaVO3, and in the (S-G/O-C) phase for
YVO3 (the low temperature phase) are presented. The
two-orbiton scattering processes are considered. In spite
of this processes, a sharp peak structure appears at the
lower edge of the continuum. This is attributed to the
one-dimensional character of the OW and the factor
hlαβ(
~k) in Eq. (28) which enhances the lower edge. As
for the selection rule, the Raman scattering is only ac-
tive for the (zz) polarization where both the incident and
scattered light polarizations, ~e~kiλi and ~e~kfλf , are paral-
lel to the z axis. Through the interaction with the z-
polarized lights, two electrons are exchanged between the
dyz (dzx) orbitals in the NN sites along the z axis. We
mention that the local modes discussed in the previous
section, i.e. the dxy → dyz and dxy → dzx excitations,
are not detected by the Raman scattering, since the ex-
change processes do not occur between the dxy and dyz
(dzx) orbitals. In Fig. 5, we show the Raman spectra
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FIG. 5. Raman spectra
for the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type OO state with
FM order for YTiO3. The one-orbiton scattering is consid-
ered. Symbols with vertical lines are the spectral weights of
the delta-function. Continuous lines indicate Sλiλf (ω) where
the delta-functions are replaced by the Lorentz functions and
the width of the function is chosen to be 0.25J0 . The po-
larizations of the incident and scattered photons are denoted
as (λ, λ′). Other parameter values are the same as those in
Fig. 2.
from OW in the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type
OO. The one-orbiton scattering is considered in the cal-
culation. The spectra being active for the (xx) and (x′x′)
polarizations are the A1g modes, and those for the (xx)
and (x′y′) ones are the B1g ones. Here, the x, y and z
directions are chosen to be parallel to the TM-O bonds,
and x′ = 1√
2
(x + y) and y′ = 1√
2
(−x + y). It is worth
noting that all modes are inactive for the (zz) polariza-
tion in contrast to the case of vanadates. This originates
from a cancellation from the one-orbiton scattering con-
tributions from site i and its NN site i + δz along the
z direction where the occupied orbitals have the mirror
symmetry in terms of the xy plane between the two.
B. inelastic neutron scattering
Although the Raman scattering is a possible probe to
detect OW as shown in the previous section, its observa-
tion is limited to be the OW at zero momentum in the
one-orbiton scattering, and the joint density of states of
OW in the two-orbiton scattering. In the t2g OO systems
of our present interest, it is possible to detect by the
inelastic neutron scattering. Formulate the differential
scattering cross section in the scattering of initial (scat-
tered) neutron with momentum ~ki(kf ), energy ωi(ωf ),
and polarization li(lf ) (= x, y, z). The scattering cross
section is given by
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FIG. 6. Contour map of the scattering intensity Szz(ω)
in the inelastic neutron scattering in the (S-C/O-G) and
(S-G/O-C)-phases for LaVO3 and YVO3 (the low temper-
ature phase), respectively. The intensity is plotted as a unit
of 2/J0. The spin polarizations of both the incident and scat-
tered neutrons are chosen to be parallel to the z axis. The
reciprocal vector is ~G = (000). Other parameter values are
the same as those in Fig. 1.
dσ2
dΩdωf
=
(
γe2
mNc2
)2(
1
2
gF ( ~K)
)2
kf
ki
×
∑
lilf
(
δlilf − κliκlf
)
Slilf ( ~K, ω), (31)
with ~K = ~ki − ~kf , ω = ωi − ωf , and ~κ = ~K/| ~K|.
Slilf ( ~K, ω) is the Fourier transform of the dynamical cor-
relation function for the angular momentum operators
Llid defined by
Slilf (~rid − ~ri′d′ , t) = 〈Lliid(t)Llfi′d′(0)〉,
= 2〈OidT1li(t)Oi′d′T1lf (0)〉, (32)
where ~rid is the position of the d-th TM ion in the i-the
unit cell. In the linear spin wave approximation, S( ~K, ω)
is obtained as
Slilf ( ~K, ω) = 2N
∑
dd′
N∑
α=1
δ
{
ω − Eα( ~K)
}
× Dli∗dαD
lf
d′αe
i ~G·~δdd′ , (33)
where Dldα is defined by the Fourier transform of the
angular momentum operator
OdT1l(
~k) =
∑
α
Dldα(
~k)ψ˜α(~k). (34)
~δdd′ is a vector connecting the d- and d
′-th TM ions in
the same cell, and ~G is the reciprocal lattice vector. In
contrast to the Raman scattering, the momentum de-
pendence of the dispersion relation is detectable. The
magnitude of the scattering intensity is expected to be
the same order with that for the magnetic neutron scat-
tering in magnets with L = 1.
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FIG. 7. Contour map of the inelastic neutron scattering
spectra Sll
′
(ω) for the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type
OO state with FM order for YTiO3. The intensity is plotted
as a unit of 2/J0. The spin polarizations of the incident and
scattered neutrons are chosen to be (a) unpolarized, and (b)
parallel to the z axis. The reciprocal vector is ~G = (000).
Other parameter values are the same with those in Fig. 2.
We present the scattering intensities of the inelastic
neutron scattering in the (S-C/O-G) and (S-G/O-C)-
phases (Fig. 6), and those in the FM order with the
(dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type OO (Fig. 7). It
is noted that the dispersive OW modes in vanadates are
only detected by the z polarized neutron; the angular mo-
mentum Lz induces the excitations between the dyz and
dzx orbitals. The local modes discussed in the previous
section are active for the x and y polarized neutrons (not
shown in Fig. 6). Therefore, the modes of OW are identi-
fied by utilizing the polarized neutron scattering. This is
also seen in the contour map of the scattering intensity in
YTiO3; the scattering intensity for the OW modes in the
higher energy bands are remarkable in the z-polarized
neutrons. This implies that these modes mainly consist
of the excitations between the dzx and dyz orbitals as
explained in Sec. III.
V. SUMMARY AND DISCUSSION
In this paper, a theory of OW in perovskite titanates
and vanadates with the triply degenerate t2g orbitals is
present. We examine the dispersion relations of OW in
the (S-C/O-G)- and (S-G/O-C) phases for LaVO3 and
YVO3 (the low temperature phase), respectively and
that in the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type OO
for YTiO3. We demonstrated that characteristics of OW
in these systems can be detected by utilizing the Raman
and inelastic neutron scatterings.
In comparison with the OW in the manganites where
the eg orbital is ordered, both the excitation spectra and
the observation methods are distinct qualitatively in the
present t2g orbital system. In particular, this is remark-
ably seen in vanadates where the so-called pure orbitals
are ordered. Thus, the selection rules for the Raman
and neutron scatterings are strict. For example, the two-
orbiton scatterings with the z polarized photons domi-
nate the Raman spectra. This is attributed to the or-
thogonality of the electron transfer integral between the
NN vanadium sites. In the actual vanadates, there is the
GdFeO3-type lattice distortion which may make the one-
orbiton scatterings possible. In the recent Raman scat-
tering experiments in RVO3, a new peak appears around
60meV in the (S-C/O-G) phase.40 It is confirmed that
this peak is active in the (zz) polarization configuration.
We expect that this peak originates from OW excited by
the two-orbiton scattering processes as discussed in Sec.
III (Fig. 4).
In the case of YTiO3, the dispersion relation of OW
and the Raman and neutron scattering spectra are more
complicated than those in vanadates. This is because of
the mixed OO state with the four different orbitals in a
unit cell. The present results are also distinct from those
proposed in Ref. 18; the orbital excitations are exam-
ined in the OO states with high symmetry being differ-
ent from the (dy(x+z)/dy(x−z)/dx(y+z)/dx(y−z))-type OO
and incompatible with the crystal symmetry of YTiO3.
In the present results, as shown in Fig. 2, it is found,
in contrast to the previous results,18 that there are the
anisotropy of the dispersion relations in the xy plane and
along the z axis, the two kind groups of the OW with
higher and lower energies appear, and the flat bands are
not seen along the (πππ)-(ππ0) direction. Actually, the
inelastic neutron scattering experiments have started in
YTiO3.
41,17 The detailed comparison between the theo-
retical calculations and the experimental data can reveal
nature of OW as well as that of OO in the t2g orbital
systems.
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